
I Workshop de Teses e Dissertações em Matemática
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We are interested on the study of asymptotic behavior of functional differential equation

ẋ(t) = a(t)x(t) + b(t)x(t− ω) (0.1)

with constant delay ω > 0 and real nω-periodic continuous functions a(·) e b(·). Let C = C([−ω, 0],R) the state

space of (0.1). For all solution function x(t), define xt ∈ C by xt(θ) = x(t+ θ). The asymptotic behavior of similar

equation of (0.1) when the delay is integer multiple of the period, was studied for many people like Frasson &

Verduyn Lunel [1, Sec. 5], Hale & Verduyn Lunel [3, Sec. 8.3], Philos & Purnaras [5].

1 Spectral Theory and Results

We use the Floquet Theory and operator spectral theory for the monodromy operator Π : C → C, given by Πϕ = xnω

where x is the solution of (0.1) with initial condition x0 = ϕ. The difficult of the problem is to find the monodromy

operator using the steps method. General results of spectral theory of functional differential equation can be find

in [1, Sec. 5]. Furthermore, using Dunford representation of the spectral projection Pµ of Π, where µ is an element

of spectrum of µ, we have

Pµ = Resz=µ(zI −Π)−1 (1.2)

if µ is a simple multiplier we obtain the following expression of spectral projection

Teorema 1.1. Let ϕ ∈ C, µ a simple multiplier of Π,

Pµϕ(θ) = eT1 Ωθ−ω (1/z) lim
z→µ

(z − µ)

[(
0 I

z 0

)
− Ω0

−ω
(
1/µ)

]−1
(ϕ(−ω)en +Gϕ,µ(0)) (1.3)

where Ωst (1/z) is the fundamental matrix solution of ODE Ẋ(θ) = M(θ)X(θ) where M(θ) = (aij(θ)) with ai,i−1(θ) =

b(iω + θ), i = 1, . . . , n− 1, a1n(θ) = b(θ)/z, aij(θ) = 0 in the other case, and

Gϕ,z(θ) =
1

z
ϕ(θ)e1 −

1

z
Ωθ−ω(1/z)ϕ(−ω)e1 +

∫ θ

−ω
Ωts(1/µ)(

1

z
b(ω + θ)ϕ(s)en)ds.

The next result, which proof can be found in [1, Sec. 5], provide an asymptotic behavior estimative of the

solution xt(s, ϕ) for every ϕ ∈ C.

Teorema 1.2. Let µj, j = 1, 2, ..., the nonzero multipliers of monodromy operator Π(s) ordered by decreasing

modulus, and ϕ ∈ C. If λ is an arbitrary real number, then there are positive constants ε and N such that for t ≥ s∥∥∥∥xt(s, ϕ))−
∑

|µn|>eγω
Pµn(s)xt(s, ϕ)

∥∥∥∥ ≤ Ne(γ−ε)(t−s)‖ϕ‖ (1.4)

Therefore, if we can compute the residue of[(
0 I

z 0

)
− Ω0

−ω
(
1/µ)

]−1
at µ, we can find an explicit formula of Pµ. Therefore, the existence of a simple multiplier µd that dominates the

others allows as to give an explicit formula for the large time behaviour of solutions of (0.1).
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